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The above results generalize theorems of Nelson5 and Nelson and Stinespring.d
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In studying the stability of a system it is never completely satisfactory to know
only that an equilibrium state is asymptotically stable or for that matter to know
only that it is unstable. In a mathematical sense it may be asymptotically stable
but from a practical point of view be unstable, and, conversely, it may be mathe-
matically unstable but practically stable. Both stability and instability are local
concepts. An equilibrium state of a system may be unstable, and yet it may be
true that the system always tends to return, perhaps not to the equilibrium state it-
self, but sufficiently near the equilibrium state. An equilibrium state can be
asymptotically stable and yet perturbations which would be considered small
compared to the perturbations to be expected may cause the system to drift away
from the equilibrium never to return. As a practical matter, it is necessary to
have some idea of the size of the region of asymptotic stability. It is never possible
to do this by examining only the linear approximation to the system. The effect of
nonlinearities must be taken into account, and Liapunov's stability method1 pro-
vides a means of doing this. The purpose of this paper is to report some mathe-
matical theorems that underlie methods for estimating regions of asymptotic
stability. These methods, with examples illustrating them, are to be discussed
elsewhere in greater detail.2
The system whose stability is being investigated is described by the vector dif-

ferential equation

x = X(x) (1)

The state of the system at time t is an n-vector x(t) = (xi(t),. . .,xn(t)). The phase
velocity dx/dt = x is defined by the vector field X(z) = (X1(x),. . .,Xn(x)). For
each initial state x0 we assume there is a unique solution x(t) of (1) satisfying
x(O) = x0, and that this solution depends continuously on the initial state x0.
The equilibrium state being investigated is at the origin: X(O) = 0. The Lia-
punov method depends upon the construction of a suitable domain Q and a suitable
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Liapunov function V(x), which is a kind of generalized energy function. We as-
sume throughout that V(x) has continuous first partials in U. With reference to
the system (1), we define

V(x) = -X1+. . . +- X,, = (grad V) X.

If x(t) is a solution of (1), then

dt-t V(x(t)) = V(x(t)).

No knowledge of the solutions of (1) is required to compute V(x). It is computed
directly from a knowledge of the differential equations which describe how the sys-
tem changes. The difficulty lies in constructing V(x). This requires experience
and technique-a technique in which Russian mathematicians and engineers excel.
The theorems stated below describe what are suitable Liapunov functions for de-
termining the extent of asymptotic stability. The basic result is
THEOREM 1. Let Q be a bounded closed set with the property that every solution of

(1) starting in Q remains for all future time in U. Suppose there is a scalar function
V(x) with the property that V(x) < 0 in U. Let E be the set of all points in Q where
V(x) = 0. Let M be the largest invariant set in E. Then every solution starting in Q
approaches M as t -- a.

In some instances the construction of a Liapunov function V(x) will itself guaran-
tee the existence of a set U. For instance,
THEOREM 2. Let Q denote the closed region defined by V(x) < 1. If, in addition Q

is bounded and V(x) _0 in Q, then every solution starting in U approachesM as t -) oo.

(M is set defined in Theorem 1.)
Note with regard to Theorem 2 that if V(x) -o as xi coa, then the set u

defined by V(x) < 1 is bounded for all values of 1. If lim inf V(x) = lo, then a is
bounded for all 1< lo. IlxII co

Thus, under suitable circumstances, the set Q is an estimate of the region of
asymptotic stability. According to Theorem 1 the procedure is to find a region
U and a suitable function V(x). If V does not vanish identically along any solu-
tion starting in Q except the origin, then every solution in Q approaches the origin
at t -. a. It seems in some examples to be easier to separate the problems of
finding Q and constructing a Liapunov function V(x) although as Theorem 2
points out the Liapunov function itself may determine U.

If the origin is stable and every solution approaches the origin as t -a c, then
the system is said to be completely stable (asymptotically stable in the large).
The region of asymptotic stability is the whole space. The basic theorem leading
to methods for establishing complete stability is
THEOREM 3. Let V(x) be a scalar function with continuous first partials for all x.

Assume that
i. V(x.)> Oforallx$0

ii. V(x) < Ofor all x.

Let E be the set of all points where V(x) = 0 and let M be the largest invariant set
contained in E. Then every solution bounded for t > 0 approaches M as t ao.
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To establish the complete stability of a system one needs (i) to establish that all
solutions are bounded for t _ 0 and (ii) to construct a function V(x) satisfying
the conditions of Theorem 3 and such that M is the origin. Here again one may
be able to conclude from the Liapunov function V(x) itself that all solutions are
bounded for t > 0. This is true, for instance, if V(x) -X c as xiI -| o, although
it often is easier to consider (i) and (ii) as separate problems. Boundedness is a
type of stability and can itself be investigated by Liapunov methods.3
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The polyoma(PY) virus or parotid tumor agent1 2-a DNA-containing virus3 4

-is characterized by a duality of action: it produces neoplasias of various types in
different species of rodents,5 and causes cell degeneration in mouse embryo tissue
cultures.6 In the experiments to be reported here, it was possible to obtain in
cellular cultures in vitro the oncogenic effect of the virus; this afforded the possi-
bility of studying the relationship between the oncogenic and cytocidal effect of the
virus. The results so far obtained reveal a situation novel in animal viruses and
suggest the existence of a host-virus interaction with characteristics reminiscent
of temperate bacteriophage.

Material and Methods.-The PY virus was obtained from Dr. Rowe of the
National Institutes of Health. A stock was prepared from a single plaque and serial
passages of this stock in mouse embryo tissue cultures were used for the experi-
ments. In these passages, the virus maintained both the cytocidal activity in
mouse embryo tissue cultures and the property of eliciting heart, liver, and kidney
sarcomas within a few weeks after injection into newborn Golden hamsters. The
virus was assayed by plaque formation on mouse embryo monolayer cultures by
means of the technique previously described.7


